7.0 INTRODUCING LOOP QUANTUM COSMOLOGY

In cosmological models based on LQG, henceforth referred to as loop quantum cosmology
(LQC), the novel quantization strategy indeed appears to lead to the dissolution of both

L' The strategy

the kinematic as well as the dynamical singularities of the classical theory.
pursued by Bojowald, who spearheaded many of the developments in LQC, and his fellow
loop quantum cosmologists differs from the traditional Wheeler-DeWitt approach insofar as
it retains the full theory in the early stages of the quantization procedure, and only then
confines itself to quantum states in the kinematical Hilbert space which exhibit isotropy and
homogeneity. More specifically, the strategy refrains from imposing any additional symmetry
requirements on the classical models, then proceeds to solve the Gauss and vector constraint
equations to obtain the kinematical Hilbert space IC of the full theory, just as in full LQG,
and only then freeze out degrees of freedom by only considering highly symmetric kinematic
states. Imposing these symmetries drastically simplifies the Hamiltonian constraint, which
now becomes explicitly solvable and yields the physical Hilbert space of LQC. In this sense,
LQC is not merely an exercise in cosmology, but can also be seen as an attempt to arrive at
a toy model of the full theory, hopefully offering a few insights pertaining to the structure of
the physical Hilbert space of the full theory. I believe that this latter goal cannot be attained
due to the excessive symmetry demands which were imposed on the kinematical states. It
will actually turn out, at least in one particular scenario discussed in Section 8.2.1, that the
Hamiltonian constraint equation is only solved by a single state, which by itself constitutes
the physical Hilbert space of LQC. This conclusion strongly suggests that too many degrees
of freedom may have been frozen out.

In the classical theory, as is explicated in Appendix C, the density p, the three-dimension-
al spatial curvature ®R, and the four-dimensional spatio-temporal curvature *R—all scalar
quantities—tend to grow beyond all bounds as the scale factor a tends to zero. In LQC,

however, it turns out that the inverse scale factor is bounded and that the universe thus has a

!For an introduction to the application of LQG to cosmology, see Bojowald and Morales-Técot] (2004);
but see also Ashtekar (2002) and Rovelli (2004, Sec. 8.1). For the mathematical foundations of LQC, see
Ashtekar et al. (2003a). Bojowald (2004, 2005) are the most recent review articles.
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maximal spatial (and spatio-temporal) curvature and a maximal density and thus avoids the
kinematic singularity of the classical theory, although with an important qualification as will
be discussed in Chapter 8. One can construct a self-adjoint curvature operator on the Hilbert
space of spatially isotropic and homogeneous spin network states in the kinematic Hilbert
space K. This operator, it turns out, is vested with a spectrum bounded from above. This
entails that even for a universe of vanishing size, the curvature does not blow up. In fact,
like in the classical case, the curvature grows as the scale factor decreases. But unlike the
classical universe, the quantum universe changes to a different regime after having reached
a maximum curvature. This second regime actually tames the quantum curvature such as
to drive it into zero as the scale factor vanishes. As this effect may testify, the mathematical

properties of the loop quantization have indeed far-reaching physical consequences.

Furthermore, another, somewhat parallel, delight awaits us at the dynamical level: the
dynamical singularity also vanishes in LQC, although again, this claim will be qualified
in Chapter 8. The fact that the curvature did not diverge for arbitrarily small volumes
of the universe may incline us to assume that the dynamical evolution of the LQC model
remains non-singular—even at the big bang. This expectation is not entirely disappointed.
As in LQG, the evolution is governed by the Hamiltonian constraint equation, which is
a wave equation with the constraint operator acting on the isotropic, homogeneous states
of kinematical LQC. These kinematical states depend on the scale factor a (and perhaps
other physical fields). The scale factor a is used as a fiducial time with respect to which
the isotropic, homogeneous spin network states evolve. But since a assumes discrete values,
partial derivatives with respect to it must be replaced in LQC with finite difference operators.
Thus, the Friedmann-Wheeler-DeWitt equation of evolution, aka the Hamiltonian constraint
equation for the symmetry-reduced theory, becomes a difference equation, as opposed to a
differential equation. Evolution occurs in discrete steps, although the notion of discreteness
at work here will have to be clarified. Numerical studies of this evolution equation (Bojowald
2001a,b) have revealed that the dynamical behaviour of the LQC models on and around n = 0
is (almost) non-singular, where n symbolizes the iteration step of the discrete evolution,
and that for sufficiently large n, the correct semi-classical limit follows in the form of the
expected Friedmann evolution. The regularity of the evolution around the big bang permits a
continuation of the model into a new realm of negative n. In other words, one can evolve right
through what used to be a singularity into a mirror universe which did not exist classically
as the classical evolution ground to a halt at the initial singularity. The n, which serve as a
substitute for a time here, continue to decrease beyond the big bang as they adopt negative
values. The dynamical singularity, despite claims to the contrary, does not vanish altogether

as a singular residue survives the quantization.

116



Before I proceed to explicate these two aspects of how LQC washes out classical singu-
larities, and in what sense and to what extent it does so, it should be noted that alternative
approaches to QG may equally offer a resolution of singularities. While in classical GTR—
as well as in cosmology in a Newtonian spacetime—, the trajectories of any two galaxies
must intersect in the finite past, including quantum effects according to the tastes of any
QTG may prevent galaxies from coming arbitrarily close to one another and undergo a “big
bounce” rather than a “big bang.” Thus, it seems as if QG quite generally might open up the
possibility of pre-bang universes. The application of string theory, for example, to cosmology
suggests that the big bang is either replaced by a transitional phase from an accelerated to
a decelerated expansion of the universe or is the result of the collision of different “branes.”
According to the first scenario, the so-called pre-big bang scenario, the universe has existed
forever and was incredibly empty at first.? As the forces gradually gained in strength, matter
began to clump and formed black holes in some regions and rebounded in big bangs, thus
creating effectively distinct universes. The second scenario, the so-called ekpyrotic scenario,
suggests that our universe occupies a multi-dimensional membrane or “brane” which lives
in a higher-dimensional space. This brane might have collided with another brane, thereby
releasing kinetic energy as matter and radiation and thus resulting in something with obser-
vational signatures very much like the big bang in standard cosmology.® Veneziano (2004),
who gives a popular introduction in cosmological models based on string theory, claims that
these scenarios both afford observational signatures just sufficiently different from those of
conventional inflationary models that they might be registered by the LIGO and VIRGO
observatories. Furthermore, the frequency distributions predicted by the two scenarios also
differ from one another sufficiently so that they should be distinguishable by the LIGO and
VIRGO data.

According to Veneziano, both the pre-big bang and the ekpyrotic scenarios offer a per-
fectly regular dynamical evolution through what used to be the singular big bang. It is worth
emphasizing, however, that at least the ekpyrotic universe still suffers from (a mild version
of) the big bang singularity. Khoury (2004) concedes that a formal proof that the transition
through the big bang can successfully be completed is still missing. The regularity of the
dynamical evolution of the universe also at the big bang constitutes an assumption of the
scenario, rather than a formally derived result. For LQC, the claim is stronger: given the
theoretical framework of LQG, the regularity can be established under the usual assumptions

of global symmetries that cosmological models must satisfy. As we will discover in paragraph

2Cf. Gasperini and Veneziano (2003) for a detailed review of the pre-big bang model.
3The original article on the ekpyrotic model is Khoury et al. (2001), a more recent review can be found
in Khoury (2004).
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7.3, however, this claim must also be enjoyed with an important qualification.
The remainder of this section is divided, like Gaul, into three parts: the first subsection
gives a brief account of the foundations and the main technical choices made by LQC, followed

by subsections on the fate of the kinematical and dynamical singularities respectively.

7.1 FOUNDATIONS OF LOOP QUANTUM COSMOLOGY

The main source for this subsection is Ashtekar, Bojowald, and Lewandowski (2003a). Its
rather technical account of LQC shall be explained with less mathematical rigour, but with
hopefully correspondingly wider appeal; it is abbreviated and adapted to my notation as
introduced in Chapter 5.

Returning again to the terminology introduced in Section 3.2, where we introduced a
distinction between spatio-temporal background fields B; and dynamical fields D; and an
analogous distinction between spacetime and dynamical symmetries. We have seen in Chap-
ters 4 and 5 how the dynamical symmetry of GTR, understood in the sense of Section 3.2,
or something just like it, is encoded in both the classical and the quantum theories via con-
straint equations. Quantum cosmology, like generally relativistic cosmology, assumes certain
spacetime symmetries, where the original definition of “spacetime symmetries” must be ad-
justed as follows. Originally, a spacetime symmetry was a mapping which leaves all the fields
B; invariant, i.e. a diffeomorphism ¢ : M — M such that ¢*B; = B; for all i. Because GTR
entertains no background fields B; at all, however, it seems as if this definition has become
vacuous. If we extend this definition to equally apply to the now dynamical spacetime struc-
ture, we can again contentfully speak of spacetime symmetries. Let us say, therefore, that a
spacetime symmetry is a mapping which leaves dynamical field(s) D; encoding the spacetime
structure invariant, i.e. a diffeomorphism ¢ € Diff(M) such that ¢*D; = D; for all j.

This re-definition works just fine for classical relativistic cosmology, but it will not be
applicable tel quel to the quantum states. One might argue that such an application of the
concept of spacetime symmetry to quantum states is unnecessary for the simple reason that
one might as well pick the relevant symmetric spacetimes already at the classical level and
then simply perform a quantization of this reduced theory. Such a resort, however, would
suffer from two disadvantages: first, one would have to establish the equivalence of the state
space obtained by a loop quantization of the classically reduced theory on the one hand
and the subspace of symmetric states of full LQG on the other; second, even if that can be

done—and in principle it should be possible—, the first road, unlike the second, would not
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easily enable the interpretation of the quantum states of the reduced theory as symmetric
states of the full quantum theory without recourse to the classical level. As a consequence,
the reduction to symmetric states at the level of the full quantum theory appears much
more attractive. However, this strategy presupposes a concept of symmetry at the level of

the quantum theory.

To introduce such a concept, however, is not entirely trivial. Building on the symmetry
concept as it has been developed in the context of the (classical) fibre bundle formalism for
bundles with connections, Bojowald and Kastrup (2000) have proposed a definition of what
should count as a symmetric state in the quantum theory.* They repudiate as inappropriate
for diffeomorphism-invariant theories the usual procedure for determining symmetric states
via the invariance of the action of the symmetry group on the physical Hilbert space as this
would lead to trivial results because the rotation group is a subgroup of the diffeomorphism
group. Bojowald and Kastrup define symmetric quantum states invoking the theory of con-
nections which are invariant under the action of symmetry groups on principal fibre bundles.
With this definition at hand, they identify spaces of symmetric quantum states with certain
spaces of spin-network states. Interestingly, it turns out that these spaces of symmetric
quantum states can be equipped with a scalar product such that they form a Hilbert space
again.

One problem arises in any attempt to implement this strategy: not all constraints have
been solved in LQG, which means that effectively the physical Hilbert space containing
those states amongst which one would like to select the states exhibiting the symmetry of
interest is not yet available. The procedure must be carried out starting from the kinematic
Hilbert space, then selecting the symmetric states, and then solve the reduced constraint
equations on the spaces of symmetric states. This slight change of procedure bears advan-
tages as well as disadvantages. First, given the collective failure of solving the Hamiltonian
constraint and of thus finding the physical Hilbert space, one would hope that reducing
the theory at the kinematic level might simplify the Hamiltonian constraint just enough to
find the symmetry-reduced, but physical—as opposed to purely kinematic—Hilbert space.
Furthermore, success with this modified strategy would instill the hope that one might re-
ceive pivotal insights concerning the quantization of the full theory from solving the reduced
Hamiltonian constraint. On the other hand, however, one must be aware of the fact that
there is no guarantee that these symmetric states in the kinematic Hilbert space which solve

the reduced constraints coincide with the symmetric states in the physical Hilbert space of

4For the relevant definition of symmetric spaces in the context of the fibre bundle formalism as Bojowald
and Kastrup apply it, see Kobayashi and Nomizu (1969, p. 225). The canonical introduction to fibre bundles
is found in Kobayashi and Nomizu (1963).
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the full theory. In particular, the reduction from a field theory to a mechanical system with
one degree of freedom may be sufficiently radical to alter some of the characteristics of the
full theory.

For open models, i.e. for classical cosmological models where the spatial curvature is
negative or zero and ¥ is diffeomorphic to R3, the symmetry group, denoted by Sym(X), is
the Euclidean group.® In this situation, as is usual in cosmology, one can find a fiducial metric
O¢ap. Given %gqp, one can fix an orthonormal triad %¢ and a co-triad %w?. In the full theory
of LQG, the gravitational phase space is coordinatized by pairs (A%, E¢), representing fields
on the three-dimensional manifolds ¥, viz. an SU(2)-connection and a triplet of (densitized)
vector fields, respectively. Ashtekar, Bojowald, and Lewandowski (2003a) declare a pair
(A" E'") of base fields on ¥ to be symmetric just in case for every o € Sym(X) there exists

a local (Gauss) gauge transformation ¢ : ¥ — SU(2) such that
(c*A',0*E") = (¢'A'g + g 'dg,g ' F'g). (7.1)

Ashtekar, Bojowald, and Lewandowski (2003a) note that for every symmetric pair (A’, E’)
which satisfies the Gauss and the spatial diffeomorphism constraints, there exists a unique
pair (A, F) which is equivalent to (A’, E’) such that

A=¢%"r, E =p+/%;1', (7.2)

where the 7s are essentially the Pauli matrices, °q the determinant of the fiducial metric,
and ¢ and p are the constants which carry the non-trivial information contained in (A’, E').
One can therefore change the base canonical variables from A and E to ¢ and p. The fiducial
metric %g,, can be rescaled by a constant factor k% without consequence for the physical
situation. Blowing up or shrinking the universe like this merely amounts to a rescaling
of the only degree of freedom left by an arbitrary constant. Under such a rescaling the
now canonical pair (¢,p) becomes (k71¢, k72p).% As such rescaling cannot make a physical
difference, ¢ and p cannot have a direct physical interpretation. Physical meaning is only
gained once new variables independent of the particular choice of the fiducial metric are

introduced. A convenient choice with the required independence is

c=V@¢ and p=V3p, (7.3)

®The Euclidean group E(n) is the symmetry group of the n-dimensional Euclidean space. It is a subgroup
of the affine group, and has as subgroups the group of translations T" and the orthonormal group O(n). Each
element of E(n) can be represented as a combination of translations and orthonormal transformations, i.e.
of rotations and rotoinversions.

SBecause of (7.2) and %¢qp = "w! %w!d;; and Og* = Oe¢ 0¢bd™ respectively.
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where Vj is the volume of a “cell of space” in terms of the fiducial metric. For reasons of
simplicity, this cell is typically assumed to be cubical with respect to %g,. The symplectic
structure of the gravitational symmetric phase space defined by (7.2) can then be expressed

without recourse to the fiducial metric (or the unit cell volume):

Q. o< dc A dp. (7.4)

grav

Finally, as the Gauss and the spatial diffeomorphism constraint equations have already
been solved, the only remaining constraint equation is the Hamiltonian constraint, which
corresponds to a lapse constant across Y, analogous to the N of the ADM formulation.

Re-expressed in terms of (¢, p), it becomes
—6872c?sgnp/|p|  (+87GChatter) = 0, (7.5)

where 3 designates the Immirzi parameter, sgn the signum function, and Ciaer stands for
the additional term in the constraint which would arise from a matter Hamiltonian. This

completes the construction of the phase space for LQC.

7.2 THE DISAPPEARANCE OF THE CURVATURE SINGULARITY

What are the elementary functions of the basic canonical variables on the classical phase
space which will translate unambiguously into quantum analogues? In full LQG, this role is
played by functions of the SU(2)-connections A—the holonomies—and the smeared triads.
In the symmetry-reduced case of LQC, the almost periodic functions g(c) of ¢ make up the
configuration variables,” and the momentum variables are essentially given by p. The vector
space of g(c) corresponds to the space of cylindrical functions on the configuration space
of the full theory and is called the space of cylindrical functions of symmetric connections
in Ashtekar, Bojowald, and Lewandowski (2003a), denoted by Cyls. In terms of classical
geometry, the momentum variable p determines the physical volume of an elementary cell
via V = [p|?/2. As LQC assumes homogeneity and isotropy, volume scales and length scales
can be used interchangeably. Thus, \/H can naturally be interpreted as a length. Together,
the configuration and momentum variables ¢g(c) and p build the holonomy-flux algebra such
that the only non-vanishing Poisson bracket between these elementary functions is given by

{0002} = 2 S i)t (7.0

J

7And not the ¢’s themselves, as no operator directly corresponding to ¢ can be defined on KCS.
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where 11; € R, &; € C and the j’s are labelling edges and run over a finite number of integers.
As a matter of fact, the right-hand side of (7.6) is again a function in Cylg and the algebra
of elementary variables is thus closed. As the canonical momenta are all proportional to p,
they commute with one another. As a consequence, the momentum (or triad) representation
conveniently exists.

As mentioned in the previous paragraph 7.1, the symmetric quantum states in the kine-
matic Hilbert space I form a Hilbert space themselves, symbolized by K°. The Hilbert
space IC° is not separable, i.e. it does not have a countable basis. This misfortune compli-
cates the concept of discreteness, as will become clear immediately.® The canonical variables
turned quantum operators work in analogy to the full theory: g corresponds to the configu-
ration operator and p to the triad operator of the full theory. The almost periodic functions
{c|u) = e/ constitute a complete orthonormal basis in %. Both orthogonality and nor-
malizability lead to important conceptual consequences, as to be discussed below. It turns

out that these basis vectors are eigenstates of the momentum operator p and that we have

. 8B
plp) =

o 1) = pu 1) (7.7)

This is the promised momentum representation.!® In order to attain a physical interpretation

of i1, we can use the relation V = |p|*/? and rewrite (7.7) as

R . 3/2
V= (1) = v, (73)

8However, there is also an important sense in which the non-separability of the Hilbert space enables
discreteness. A Hilbert space representation which disallows operators that could be associated with a smooth
spacetime geometry, such as a connection operator, only seems possible in a non-separable (kinematical)
Hilbert space. I will return to this issue in Section 9.1 when I discuss the polymer representation proposed
by Ashtekar et al. (2003b).

9 The orthogonality follows from the construction of these functions as almost periodic functions on
the Bohr-compactification on R. While the details are somewhat too technical to review here, the in-
tegrator can be simplified by the following formula: [ f(c)du(c) = limp_oo(27) 7! fTT f(c)de (courtesy
of Martin Bojowald, 8 December 2005). Thus, (u(c)|u/'(c)) = limp_ o (2T)* fTT exp(i(p — p)e/2)de =
2/ (1 — p) limy— 0o T sin((' — p)T/2) = 0. The normalizability is a straightforward calculation. In total,
we thus obtain (u|u') = 0,,/, where 6, is the Kronecker delta rather than a distribution.

10Tn the reduced model of LQC, this representation can be shown to be unitarily equivalent to any one
making reference to V; but it has the advantage that the symplectic structure to be quantized does not
involve Vy and that Vy does thus not have to be fixed prior to quantization. As a result of this unitary
equivalence, quantum physics is interpreted to be independent of the choice of V. Hence, it makes sense to

eliminate references to V5. In the full theory, the situation is more complicated, cf. Ashtekar et al. (2003a,
p. 243).
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Hence, for a universe in the quantum state |u), the physical volume of a cell of space in

/2 up to a constant factor. For example, the physical volume of

Planck units is given by |u
the cell in the quantum state |x = 1) is (873/6)%? in terms of Planck units.!!

What is the spectrum of p? Surprisingly, it is R rather than a discrete subset of R.
In the full theory, the spectrum of the momentum operator and other geometric operators
such as area and volume operators assume eigenvalues in a discrete subset of the real line.
Ashtekar, Bojowald, and Lewandowski (2003a) explain that the high degree of symmetry
imposed on the kinematic states leads to the collapse of the two quantum numbers of the
full theory—the continuous label e denoting the edges and the discrete label j on the edges
denoting their “spins”—into a single continuous label p. But this does not imply that the
spectrum of the momentum operator is continuous: since its eigenstates are normalizable—
indeed the factor (27)~! in footnote 9 was chosen such that (u|p') = d,,,—the spectrum
of the operator is discrete by definition. Were the spectrum truly continuous, only distri-
butionally “normalizable” eigenstates would exist. For separable Hilbert spaces, the general
habit of calling a spectrum discrete in case the corresponding eigenstates are normalizable
implies the usual understanding of a discrete spectrum of eigenvalues. However, for non-
separable Hilbert spaces, i.e. for Hilbert spaces with non-denumerable bases, this habit can
lead to discrete spectra which take all values in R. Clearly, the present notion of discrete-
ness offers a counterintuitive analysis in this case. For instance, the fact that the kinematic
Hilbert space of LQC is non-separable together with the stated discreteness of the spectrum
of p—where “discreteness” is understood according to the present notion—, this has the
somewhat counterintuitive consequence that the identity operator on K° can be written as
a “continuous sum” | = >, [ {u| rather than as an integral. However, this account of
discreteness also has intuitive implications for the case at hand. Most importantly among
these, the discreteness of the spectrum of p does not permit a straightforward introduction
of an inverse operator p—! necessary for investigating the behaviour of the curvature in the
quantum regime, since this inverse is not densely defined around zero. This implication has
conceptually important consequences. Let me explain.

In order to investigate whether the curvature, or whatever corresponds to the classical
curvature in the quantum realm, suffers from a divergence at the big bang in the quantum
theory as well, one must introduce a “curvature” operator defined on K°. Equation (C.2)
illustrates that the curvature 3R of the three-spaces in FLRW models of classical cosmology
is inversely proportional to a?(t), where a(t) denotes the scale factor expressing the size of

the universe. Since p is related to the physical volume of the three-spaces, an obvious choice

"The Planck length is usually introduced as £p; = vGhc—3. Sometimes, as in Ashtekar et al. (2003a), £p;
is set to equal vV87Ghe=3. T will use the first convention, which means that ¢p; = v/G in natural units.
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suggests a = \/W . In order to determine the curvature, one thus needs to obtain an inverse
operator of the scale factor operator. In general, given an eigenvalue problem X |z) = z|x),
it is straightforward to introduce powers of the operator X by repeated applications of X
to |x) for positive powers and by (repeatedly) applying the inverse map X1 to |z) for
negative powers. The eigenvalues will then occur in the same power as the operator and
we have X"|z) = (z)"|z) where n € Q. If the spectrum of the eigenvalues z contains zero,
this generalization must obviously proceed more cautiously for negative powers on pain of a
divergent behaviour of the eigenvalues of the inverse operators. First, a necessary condition
for X to be invertible, and thus for negative powers of X to have a well-defined operation,
is that ker(X) = {|¢) € H; X|¢) = 0} = {|z = 0)}, i.e. that the eigenvalue zero is non-
degenerate, which is the case for p. Second, and more problematically, the catastrophe of
divergence must be averted in some principled way. The most obvious strategy would be to
assign by choice an action to X on |z = 0). Given, however, that the exact construction
of this inverse operator and particularly its action on | = 0) are of such crucial relevance
to whether the inverse operator is bounded and the models free of kinematic singularities,
this unsatisfactory ad hoc patchery would not be acceptable, since one would have little
confidence that such ad hoc mending would produce the correct—as opposed to desired—

behaviour for small volumes of the universe.

How, then, can the catastrophe for an inverse operator X! be avoided when zero is
an eigenvalue of X? We can apply X! on every state |¥) of the form |U) = > kalT)
as long as ko = 0 and > |k,|* exists. The operator X! would be densely defined if one
could write |z = 0) as a suitable limit of such states |¥). If [x = 0) is an element of a
Hilbert space basis, and thus a normalizable state, then it will be orthogonal on all other
cigenstates of X. In this case, then, we would find for every state |U) = >, kalx) that
(z = 0]¥) = 0. However, we should have (z = 0]z = 0) = 1 in the limit. Since X~ is not
defined on |x = 0) and cannot be given by superpositions of other basis states, X1 is not
densely defined. This is exactly what happens if we are trying to introduce an operator p—1
in the present situation: since p admits a normalizable eigenvector |pu = 0) with eigenvalue
p =0, the operator p~! is not densely defined on K. Thus, while the domain of p is dense
in the Hilbert space with respect to the measure used, the domain of p~! is not. Since the
Hilbert space contains all the states of the quantum system considered, a description relying
on operators which do not have a dense domain could not be used for all the states of the
system and would thus be incomplete. Ideally, operators should be capable of acting upon
all states. As experiments cannot be performed with arbitrary accuracy, dense domains are
sufficient. If an operator were not densely defined, there would be situations in which the

operator could not be applied, failing to predict a measurement outcome.
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Since a dense definition of the action of the inverse operator on K° is thus required for
quantization, one has to find a reformulation which avoids the gap, yet proceeds in a prin-
cipled manner. Such a principled way, and the only known principled way, of constructing
a densely defined operator can be found in Thiemann’s construction of a Hamiltonian op-
erator, which I will not review in detail here.!? The procedure, which is sometimes called
the commutator-technique, essentially consists of two steps: first, the problematic function
of phase space variables is re-expressed as an unproblematic function of elementary variables
as well as the volume function; second, the canonical quantization recipe is followed and the
elementary variables and the volume function are replaced by their well-defined quantum
counterparts. Without following the details of this construction, the procedure yields an
inverse operator, which is densely defined, contains both configuration and momentum op-
erators, and commutes with p and thus has simultaneous eigenstates with p, at least in the
isotropic case. This inverse operator is called (fundamental) triad operator and can be writ-
ten informally as p/*\l, as opposed to p~t. More precisely, the procedure yields the eigenvalue

problem (compare with equation (26) in Ashtekar et al. (2003a)):

@], _ [0
[W] ) =\ sm5e (Vi = v =17) (7.9)

There are a few remarkable things about this spectrum. First, the operator admits an

eigenstate |y = 0) with zero eigenvalue. Coincidentally, the operator p admitted the same
eigenstate also with an eigenvalue of zero. Classically, the spatial curvature is proportional

2 and thus to p~!. In the quantum theory, therefore, the square of the eigenvalues as

to a~
given by (7.9) corresponds to the curvature, up to proportionality factors as specified by
(C.2). This means that a quantum universe of zero size has vanishing curvature.!® Second,
the spectrum of (7.9) has a maximum value for g = 1, which is 1/3/273 in units of one
over Planck length or f;ll. The kinematical curvature of the quantum universe, therefore,
assumes a maximal value of 3/27(3 in units of 6512 . Incidentally, the kinematical curvature
would diverge if either § or fp; would go to zero, i.e. if either G or A were zero, or ¢ were
infinite. Figure 10 shows a plot of the kinematic curvature in dependence of p in units of
6512 , where it is assumed that 5 = 0.2375 in rounded agreement with Meissner (2004), who
determined (3 under the premise that the black hole entropy calculated from LQG yields the
same result as the classic calculations by Bekenstein (1973, 1974) and Hawking (1975).
The entire literature on LQC, including Ashtekar, Bojowald, and Lewandowski (2003a),

but with the notable exception of Brunnemann and Thiemann (2006a,b), interprets this

12Cf. Thiemann (1996, 1998a,b,c).
13This curvature will henceforth be termed kinematical, rather than spatial, curvature.

125



Figure 10: Kinematic curvature as function of p (in units of ¢57).

result such that curvature no longer grows beyond all bounds as the big bang is approached
and that at least in this sense, the classical singularity is cured by quantum effects. Without
introducing a “regulator” or some artificial cut-off, without massaging the classical expression
into a suitable form or similar tricks, the advocates of LQC claim to have obtained the
physically relevant result that in their approach, the kinematic curvature does not yield
to singular behaviour in the Planck regime. To warrant this interpretation, we need to
rewind once again and reconsider the most crucial steps in how this physical interpretation

of equation (7.9) came to be.

The introduction of a quantum operator defined on C° which corresponds to the classical
three-curvature depended critically on the fact that the eigenstates of p were normalizable
and that therefore the Hilbert space K° was spanned by a direct sum of the eigenstates
of p rather than by a direct integral. That the spectrum of p was discrete in this sense
implied that p~' was not densely defined on K° and thus prevented a direct construction
of the triad, or inverse, operator. If this direct construction were permitted, the operator
would not have been bounded from above. The inapplicability of the direct construction
procedure meant that an alternative procedure had to be sought. At this point in the
formulation of LQC, a procedure developed by Thiemann when he attempted to define an
explicit Hamiltonian operator for the full theory of LQG comes into play. For this reason,
the entire construction of LQG-based cosmological models depends on whether the ambition

of Thiemann’s procedure to be a unique and privileged recipe for correctly constructing
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operators which cannot be directly built because they are not everywhere densely defined
in K or K9 is fulfilled. Without going into technical details of a method I have not closely
studied, let me hasten to add a few remarks.

The first set of remarks lists the technical difficulties that Thiemann’s proposal faces.
The first problem, identified by Lewandowski and Marolf (1998) and Gambini, Lewandowski,
Marolf, and Pullin (1998), was that the Hamiltonian constraint operator as constructed by
Thiemann was not capable of mimicking the classical Dirac constraint algebra (4.24)-(4.28)
in a large class of models of the theory. Nicolai, Peeters, and Zamaklar (2005) discuss
whether the quantum constraint algebra arising from Thiemann’s proposal actually closes,
as it should, or not. The main difficulty here is that while it is clear what one means by a
“closure” of an algebra for any classical constrained system, this notion is ambiguous for the
quantized theory. The strongest version of closure, the so-called “off-shell” closure, which
would obtain if the algebra closed on a comparatively large “habitat” of the Hamiltonian
constraint operator which does not only contain diffeomorphically invariant states, has no
prayer of being satisfied in the context of Thiemann’s proposal. The constraint algebra of
LQG as it stands only closes for weaker notions of closure, such as “on-shell” closure which
holds inside . Nicolai and collaborators argue that this spells bad news for Thiemann’s
construction: if the constraint algebra only closes on-shell, i.e. after some of the constraints
have already been “used,” but not off-shell, then one runs the risks of that the symmetries are
anomalously implemented in the quantum constraints. The correct procedure, they insist, is
to move ahead with solving the constraints only once the closure (and the anomaly-freeness)
of the quantum constraint algebra is secured. They conclude by proposing off-shell closure of
the algebra as a means to reducing the large number of ambiguities, and more importantly
even, as the most promising way of imposing full spacetime covariance. It should be stressed,
however, that these issues are technically subtle and no consensus has been reached so far.
The jury, as it were, is still out on whether Thiemann’s construction is flawed or not.

Quite apart from these technically involved considerations, a necessary condition for
the physical viability of the construction is its correct behaviour in the classical limit. Let

us calculate the |p| > 1 limit then. The eigenvalue in (7.9) then undergoes the following

modification:
6 _ | Slel L
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= sgn(u) seaci O(u").
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Thus, up to terms O(u~%?2), the eigenvalue for large || is precisely equal to sgn(p,)/+/|P.|
where p, is the eigenvalue of p as given by (7.7). First, this justifies the somewhat ex-
cessive way of writing down the inverse operator in (7.9). Second, it agrees approxi-
mately with the classical relation between the momentum and the triad coefficient, given by
px (sgn(p)/+/Ip])? = 1, which is another way of expressing the classical relation between the
scale factor and the spatial curvature, essentially given by (C.2). The agreement is of course
only valid in the limit for large universes, just where one expects the classical description to
apply. Significant violations may only occur for sufficiently small |u| and it turns out that

they only transpire in the deep quantum regime of scales of less than a few Planck lengths.*

7.3 EVOLVING THROUGH THE BIG BANG

In order to complete the symmetry-reduced theory, the classical constraint (7.5) must be
quantized and solved. This final step will or would yield the physical Hilbert space of
LQC, denoted by H®. Without going into the details of the construction of the quantum
Hamiltonian operator, which is intricate and surely not unique, a few brief remarks about
the leading ideas behind the construction shall suffice.!> As was argued at the end of the
foregoing section, the classical limit will provide an important constraint on how any such
construction may proceed. The classical and quantum evolution are required to coincide for
timelike infinity i* (and for i7), but are expected to offer radically distinct pictures around
the big bang. We will see in this section that LQC indeed satisfies—in fact: is constructed
to satisfy—this requirement.

As in the full theory, the symmetry-reduced theory uses holonomies rather than the con-
nection variables themselves as basic configuration variables. Because the classical constraint
(7.5) is cast in terms of the connections ¢, it cannot directly be used to build the quantum
Hamiltonian operator. One strategy to circumvent this obstacle would be to recast (7.5) in

terms of holonomies in order to offer a vantage point for constructing the Hamiltonian oper-

4Bojowald (2001c) offers numerical calculations that estimate to which scale the classical geometry pro-
vides an adequate description. These numerical estimates in the symmetry-reduced models have to be taken
with a grain of salt, numerically fully reliable results can, of course, only be expected from the full theory.
These calculations, as all calculations in these simplified models, are nevertheless expected to offer insights
into qualitative features and orders of magnitudes as they are built to concur with the full theory in these
respects. Recently, physicists have started to more seriously study anisotropies and inhomogeneities in their
cosmological models based on LQG. For the most up-to-date review of these efforts, see Bojowald (2005),
who offers extensive discussions of how anisotropies and inhomogeneities are modifying the behaviour of the
models.

5For the details, see Ashtekar et al. (2003a, Sec. 4).

128



ator of isotropic and homogeneous models in LQC. Ashtekar, Bojowald, and Lewandowski
(2003a), however, choose a different approach in that they start out from the Hamiltonian
of the full theory and simplify it by imposing isotropy and homogeneity. In principle, both
procedures should yield the same result, but the second path has the advantage that it brings
out the similarities with the full theory more closely. The pursued procedure parallels the
one proposed by Thiemann (1996, 1998a,b,c,d,e,f) for the full theory. Thus, it inherits all
the problems of Thiemann’s approach discussed above. On the up side, to repeat, this ap-
proach is the only known principled construction and is closely related to similar procedures
followed in lattice gauge theories (Ashtekar et al. 2003a). The most important technical
choices to be made concern quantization ambiguities related to the (continuous) length pg of
the sides of the triad in terms of the fiducial metric g,;, which no longer drops out as it did
in section 7.2. In addition to quantization ambiguities as they also arise in the full theory,
LQC is confronted with the problem that the regulator can no longer be removed as a conse-
quence. This difficulty is directly related to the fact that imposing homogeneity breaks the
diffeomorphism invariance of the full theory.'® Within the context of the symmetry-reduced
theory, the quantization ambiguity cannot be resolved in a natural way. The quantization
ambiguity can be eliminated, however, by adopting considerations based on the full theory.
The full theory, as discussed in chapter 5, predicts that space comes in small, indivisible
chunks and that, therefore, it would be physically meaningless to consider scales g of arbi-
trary smallness. Assuming that po must be of the order of the minimum scale as predicted
by the full theory, the quantization ambiguity can be removed. In consequence, while it
would not be prohibited in the reduced theory to deal with arbitrarily small surface areas, a
minimum area as suggested by the full theory is introduced in LQC.

With such a minimum scale at hand, the resulting “fundamental” vacuum Hamiltonian

constraint operator for spatially flat'” models is given by

V3

~ 96i [ 4 \° 3 3 3¢ 3 3¢ ~ 3
grav = ﬁ_; ( ) sin? \/8_6 cos? \/8_6 [Sin V3 V' cos Q — Cos ﬂ V sin \/—TC (7.10)

8 8 8

16The difficulty stems from the fact that triangulation of the manifold with tetrahedra of coordinate volume
will no longer possess a well-behaved limit in homogeneous models, where an infinite number of tetrahedra
equally contribute to the sum which replaced the integral of the (smeared) constraint function. Hence the
sum diverges and the regulator cannot be eliminated. Cf. Ashtekar et al. (2003a).

1"These are asymptotically open universes with spatial curvature k = 0. The formula becomes slightly,
but insignificantly, more complicated for positive curvature, i.e. for closed universes. It does not apply for
open universes with negative curvature, where a different method must be used (Bojowald 2005, p. 43). For
further discussion of closed models, see Section 8.2.
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in units of 6512 18 Tts action on the eigenstates of p, which are also eigenstates of (ﬁgrav, is as

follows:
~ 64
Curnli) = 5 (Vi = Vievass) (4 V8) =20} 10 = V3)) (7.11)

again in units of 61312. LQC assumes the viewpoint that (7.11) correctly describes the grav-
itational part of the fundamental Hamiltonian constraint equation and that therefore its
solutions will give us H°. This contribution together with the contribution from the matter

Hamiltonian must add up to zero in order to satisfy the total Hamiltonian constraint!?

é\|\11> = (é\grav + C’\matter)llp> - O (712)

Those states | W) which solve this constraint equation are the physical states of the symmetry-
reduced theory. As this reduced theory was intended to produce cosmological models based

on LQG, each state |¥) which solves (7.12) can be considered as an admissible quantum

) )

cosmological model with the global symmetries “isotropy” and “homogeneity.” Obviously,
these models will be constrained by the matter Hamiltonian ématter and potential coupling
terms if matter is not minimally coupled to gravity. Typically in LQC, matter is assumed
to have no curvature couplings.

As there exists a momentum representation, the physical states can be expanded in terms

of this basis as

) = (6, w)lu), (7.13)

20

where ¢ indicates the dependence of the coefficients ¥ on the matter fields.”” Since we

know, courtesy of (7.11), how the gravitational constraint operator acts on eigenstates of

18 According to Abhay Ashtekar (personal communication, 12 March 2005), this Hamiltonian is not self-
adjoint, i.e. 6grav =+ (égrav)f. At the very least, because candidate physical states |¥) are really not
necessarily normalizable states in the dual space of Cylg, this may have implications for picking the physical
states and leads to complications in finding an inner product on the space of solutions of (7.14). See
also footnote 20. On the occasion of the above mentioned conversation, Ashtekar promised that he and
a collaborator were in the final steps of writing a paper giving a recipe for constructing a self-adjoint
Hamiltonian operator for LQC. As far as I know, he has not yet archived or published such an article
electronically or otherwise. There exist self-adjoint Hamiltonian operators for simplified models, cf. Section
8.2.

9Here, a constant factor has been absorbed into arnattera which is either 87 G in natural units or 87 in
units of Eglz, as in the following calculation.

20 In fact, the states |¥) live in Cyl%, the space which is algebraically dual to the space Cylg of cylindrical
functions of symmetric connections. Elements of this space need not be normalizable, a circumstance which
can also be gleaned from the fact that the summation in (7.13) is over a continuous variable p. Sometimes,
as in Ashtekar et al. (2003a), states which may not be normalizable are written as |¥) rather than |¥). I
will desist from introducing this notational subtlety.
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the triad operator p, we can compute the total Hamiltonian constraint equation. This direct

calculation will give

> 1061 (Vieva = Vievan) (In+V3) =2l + lu = V3))

m
3 .
+\/§—ﬁ0matterw(¢a M) |M>] - O

64

There are obviously (sub-)terms within each term of this sum where the eigenstates have
been shifted by v/3, which results in this rather awkward way of writing down the sum. This
can be rectified by regrouping the terms considering that the “contribution” of the (1=+/3)-
th term of the sum to the p-th term is 1(¢, 1% /3) (VMﬁﬁ/4 — Vﬂigﬁ/4) |p). Rearranging
the sum with this mind yields a sum—the same sum of course—with each (sub-)term of the
p~th term ending in |p). A sufficient condition for this rewritten sum to vanish, and thus to

accord with (7.12), is that each term vanishes by itself:

<V,u+5\/§/4 - V,u+3\/§/4> ¢(¢7 o+ \/g) —2 <V,u+\/§/4 - Vu—\/§/4> @b(ﬁb» lu)

3
%Cmatter(u)¢(¢a :U“) (714)

+ <VM—3\/§/4 - VM_5\/§/4> V(g p—V3) = —
In my opinion, this equation is not a necessary condition for the constraint (7.12) to be sat-
isfied, just because it is not necessary for every term in a sum to individually vanish in order
for the total sum to add up to zero. However, in Ashtekar, Bojowald, and Lewandowski
(2003a), just as well as in the rest of the literature, the impression is given that (7.14) is
both sufficient and necessary for (7.12) to obtain. Be this as it may, I should remind the
reader that the V’s in (7.14) are the eigenvalues of the volume operator and are just known
real numbers. The matter Hamiltonian ématter only acts on the matter fields (encoded by
¢) and is a function of p insofar as metric components will generally arise in its expres-
sion. Importantly, equation (7.14) is not a differential equation, as would traditionally be
expected, but a difference equation in the parameter p, which is nevertheless continuous.
According to Ashtekar, Bojowald, and Lewandowski (2003a), this is a direct consequence of
the discreteness of the quantum geometry. As I have not followed the construction of the
Hamiltonian constraint operator explicitly, I cannot authoritatively judge what the origin of
this is, despite the plausibility of the explanation that it is intimately connected with the
discreteness of the quantum geometry. The tandem fact that (7.14) is a difference equation
together with the discreteness of p will have a bearing on the interpretation of equation

(7.14) qua codification of the dynamical evolution, to be discussed in section 8.1.
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Let me restate the strict significance of (7.14): it is not primarily an evolution equation,
but it constrains the coefficients 1(¢, ut) in the expansion of the triad basis |u) of any state
|W) which wishes to qualify as a physical state of the symmetry-reduced theory. States |¥)
whose components in terms of the triad basis conform with (7.14) are the physical states
sought and constitute the physical Hilbert space of the theory. This means that the situation
should best be interpreted such that physical states do not undergo a dynamical evolution
through the values of p to be summed over, but rather as a superposition of kinematical
states corresponding to spatial universes of different sizes, where the manner how these
kinematic state superpose is constrained by (7.14). Agreed, (7.14) is as close as it gets to
temporal evolution in the present setting in that a partial observable, encoded by the inverse
scale factor operator, which is used as a cosmological clock and with respect to which an
“evolution” can be determined. I urge, however, the need to be chary of this interpretation
because the “evolution” governed by (7.14) fails to be deterministic. I will come back to this

point in Section 8.1.

In order to finalize the construction of the physical Hilbert space H°, one would also
have to introduce an inner product and thus select those states |U) with finite norm. The
physical Hilbert space, then, is spanned by those states of finite norm which satisfy the
Hamiltonian constraint equation (7.14). The construction of the general physical Hilbert
space of LQC including the physical inner product has not been achieved so far and remains
and open issue. For some simplified models, the construction has been executed and led to
the surprising result that the physical Hilbert space consists of only one single state, leaving

us with just one cosmological model! I will return to this issue in section 8.2.1.

Another important feature of the constraint equation (7.14) is the fact that it will also
impose conditions on coefficients (¢, 1) with negative p. These coefficients accompany base
states of negative p in the construction of ¥. Of course, they do not correspond to kinematic
universes with negative volumes, but to universes of volume of the respective absolute values.
As triad operator eigenstates and their corresponding coefficients of negative and positive
w are interlinked via (7.14), the states of negative p are not only admissible kinematically,
but will also participate in the construction of the physical states |¥). So in a sense, the
radically distinct dynamical behaviour around the classical singularity suffices to open up
the formerly closed and locked door to a mirror world, as can be seen in Figure 11. Thus,
a second domain, call it region II, emerges as a result of evolving through the big bang
and represents the mirror universe “of negative times.” In Figure 11, region I with g > 0
corresponds to the usual classical domain of a FLRW model. Unlike in the classical case,
however, it also contains the big bang (1 = 0) and the mirror region I where 1 < 0. Does the

emergence of this mirror world imply that the denizens of region II experience their universe
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& big bang

Figure 11: Conformal diagram of a FLRW model in LQC.

to collapse towards a non-singular big crunch? Not necessarily. It is perfectly possible that
the direction of the physical time does not coincide with the direction of increasing values
of u, but opposes it. This would be the case, say, if the direction of physical time rests on
a thermodynamical asymmetry which points in the direction of increasing absolute values
of the scale factor. In this case, the citizens of II would also experience a universe evolving
from a non-singular big bang. In this case, the scenario would resemble the birth of two
twin universes rather than one single universe contracting and then expanding again. These
remarks are highly speculative and should be taken with a grain of salt: their final validity
must await the completion of the construction of the physical Hilbert space.

Two more remarks, both equally preliminary. First, while many members of the guild
expected a quantization to wash away the singularities of the classical theory, the fact that
LQC seems to predict an inflationary phase in the evolution of the early universe came as
a surprise. The expansion follows a non-Friedmannian regime for small y. Instead of a
decelerating expansion from an initial singularity, this quantum regime imposes a rapidly

accelerating expansion on the young universe.?’ Unlike in inflationary scenarios, however,

2n fact, the expansion is powered by a'? instead of a=3 as in the Friedmann case! Cf. Rovelli (2004,
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this inflation is not driven by an inflaton field or similar auxiliary constructions to account
for the rapid expansion. In LQC, inflation seems to be generated merely by the quantum
modifications of the dynamical equations of the gravitational field in the homogeneous and
isotropic case (Bojowald 2002a; Bojowald et al. 2004a; Bojowald and Vandersloot 2003).

Second, recent results in Ashtekar and Bojowald (2006) show that the same technique
applied to Schwarzschild spacetime leads to a similar resolution of the singularity there.
Ashtekar and Bojowald (2005) have taken these results to indicate that perhaps all spacelike
singularities of the classical theory might vanish in LQC. It may be preemptive to condense
these findings to a claim that cosmology based on LQG, unlike the one based on classical
GTR, is not tainted by the occurrence of singularities at all. But there have appeared by
now clear indications that the quantum nature of LQC inoculates important cosmological
models against incurring singularities.

In sum, then, in isotropic and homogeneous models of loop quantum cosmology the
initial singularity of the classical model seems to disappear in two different senses: first, the
curvature does not increase without bound for arbitrarily small scale factors; and second,
there exists a principled—though perhaps not correct—way of extending the models through
the initial singularity into a mirror world, thereby circumventing, to some extent at least,
the classical singularity. Naively, interpreting the dynamical evolution of these models leads
to a contracting and subsequently expanding universe. The classical and quantum evolution
coincide for the timelike infinity ¢ (and for i7), but offer radically distinct pictures around
the big bang. Numerical analyses of very simple cases show that the classical and the
quantum Friedmann models evolve indistinguishably, except in a very small region around
the classical singularity where no corresponding semi-classical states seem to be available.
The fact that the state vector becomes indeterminate for p = 0, as will be discussed in
Section 8.1, suggests that the dynamical evolution around the classical big bang cannot
be straightforwardly deterministic despite its regularity. This, and the general problem
of entering a sector of the Hilbert space whose states do not afford corresponding semi-
classical states and thus elude a classical interpretation, leads us to believe that a number
of subtleties need to be clarified before we can meaningfully speak about what happened
“before the big bang.” More than a mere subtlety is the fact that the operators p/:1 and
p~! do not correspond to Dirac observables. This seriously undercuts their interpretation as

physically relevant magnitudes, as will be pursued in Chapter 8.

pp. 216f).
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8.0 EINSTEIN’S NEMESIS CONQUERED AT LAST?

8.1 PHYSICAL CURVATURE AND EPICYCLES OF DETERMINISM

Let us now take a more critical look at the issue of whether, and if so to what extent, the
kinematic as well as the dynamical singularity indeed vanish in cosmological models based on
LQG. As I have explicated in the previous section, the strategy pursued by LQC to solve the
Hamiltonian constraint equation is to assume an arbitrary superposition of kinematical states
(7.13), more specifically eigenstates of p, and then obtain a difference equation of components
U(¢, ) (7.14), which can be recursively solved for a given set of “initial conditions.” The
standard interpretation of this difference equation, to repeat, is that of an evolution equation
like the Schrédinger equation in ordinary quantum mechanics where the evolution is powered
by the Hamiltonian constraint operator C. To be sure, the physical states |V) correspond
to four-dimensional spacetimes. Trivially, therefore, these physical states do not undergo a
dynamical evolution. The states whose evolution is governed by (7.14) are the kinematical
states |u), via their components (¢, ). The “four-dimensional” physical quantum states
will then be constructed as a superposition of kinematical states, using the components
constrained by (7.14). If this constraint equation is interpreted as an equation of dynamical
evolution, as a “quantum Friedmann equation” as it were, then the scale parameter p must
be interpreted as a time variable with respect to which this evolution occurs. The scale
operator, defined on the kinematical Hilbert space K°, does not correspond to a Dirac
observable. Dirac observables must commute with all the first-class constraints generating
gauge transformations, and hence with the Hamiltonian constraint as well. For a candidate

operator 6, we must thus have

[0,C] W) =0 (8.1)

for O to qualify as a physical operator, i.e. an operator corresponding to a Dirac observable.
As computed in appendix D, the commutator of the inverse scale factor operator and the
Hamiltonian constraint operator does not vanish, except perhaps for very special choices of

@natter. But this seems hardly acceptable: whether 19) corresponds to a physical observable
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depends on the matter content of the universe. Be this as it may, the inverse scale factor
operator p/:1 is not a physical operator and its spectrum can thus not be considered as an
indication of possible measurements of the spatial curvature. Consequently, the fact that
this spectrum is bounded from above does not issue a physically relevant warrant that the
kinematical singularity is indeed avoided.! In order for this conclusion to be legitimately
drawn, a physical operator corresponding to an observable encoding spatial curvature would

be necessary.

The intuitive physical reason as to why both the inverse scale factor operator as well as
the volume operator are not Dirac observables is that in order to obtain a volume of a three-
dimensional universe from a four-dimensional cosmological model, one needs to introduce a
particular gauge. The volume, and the curvature, of the three-dimensional slices will depend
on the particular foliation introduced. There are good, but not compelling, reasons for
defending a notion of privileged cosmological time at the level of the classical theory.? It is
not so obvious, however, whether such a preferred spacetime foliation of cosmological models
can be incorporated into models in quantum cosmology. Perhaps the so-called “group-
averaging” technique can be used to introduce a coordinate time into the quantum theory,
which, according to an analysis by Bojowald, Singh, and Skirzewski (2004b), is well-suited
to emulate an evolution at least in the semi-classical regime. Around what corresponds to
the initial singularity of classical models, the method does not yield a useful notion of time.
Furthermore, it is unclear whether this coordinate time has any claim to offer a preferred
notion of time. If it does not, then it seems as if there might be no justification for singling out

the volume (and the inverse scale factor) operator as defined above as physically privileged.

Revisiting Rovelli’s idea of partial observables with a more mathematical bent, Dittrich
(2004) has shown that for classical theories, if we have a phase space function which is invari-
ant under a subalgebra €; := {C),11,...,C,,} of n —m constraints of the constraint algebra
¢ containing a total of n constraints, then these functions form partial observables in the
sense of Rovelli (2002d), i.e. they are physical quantities with an associated measuring opera-
tion resulting in a numerical outcome. Dittrich commences by assuming that any function in
phase space represents such a physical quantity. Following Rovelli’s suggested procedure, she
shows how these partial observables can be transformed into so-called complete observables
with respect to the subalgebra €, := {C1, ..., C},} of the remaining m constraints. Complete
observables in Rovelli’s sense are magnitudes which can be gained in some principled way

from the (classical or quantum) theory at stake. Dittrich further proves two theorems (The-

!The same point is made by Brunnemann and Thiemann (2006a), cf. Section 8.2.4 below.
2Belot (2005) has argued that two important arguments against such a preferred spacetime foliation of
cosmological models in classical GTR fail to establish their purported conclusion.
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orem 3.1 for a system with one constraint and Theorem 4.1 for a system with n constraints)
which establish that, under some technical assumptions, complete observables as defined by
Rovelli must be Dirac observables. The reader should be reminded at this point that the
invariance group of these observables is not Diff(M), but Diff(¥) combined with deforma-
tions in the direction normal to ¥ (and rotations of the tetrads). In sum, Dittrich offers a
detailed procedure how to construct Dirac observables from phase space functions which are

invariant under a subalgebra €; of the constraint algebra.

Once one has the Poisson algebra of the Dirac observables, canonical quantization re-
quires a representation of this Poisson algebra on a physical Hilbert space. This procedure
turns the classical Dirac observables—if they have been identified—into operators of the
quantum theory. As it is technically difficult to straightforwardly implement this strategy,
LQG proceeds by first finding a representation of the algebra of partial observables on a
kinematical Hilbert space, as explained in detail in Chapter 5 and as criticized by Nicolai,
Peeters, and Zamaklar (2005). These partial observables are invariant under both rotations
of the tetrads as well as spatial diffeomorphisms, as the Gauss and vector constraints have
been solved in the construction of the kinematical theory. These partially invariant partial
observables thus lead to the construction of non-physical operators defined on the kinemat-
ical Hilbert space K. Examples of these non-physical operators are exactly the geometric
operators such as the area and the volume operators in full LQG as well as the scale factor

and the inverse scale factor operators in LQC.

Although the inverse scale factor operator does not commute with the Hamiltonian con-
straint and does therefore not correspond to a Dirac observable, its commutator with both
the SU(2) and the spatial diffeomorphism constraints vanishes. Thus, it constitutes an
operator corresponding to a partially invariant partial observable as discussed by Dittrich
(2004). As explained above, one can turn such a partial observable into a Dirac observable
invariant under all constraints. The problem, however, Brunnemann and Thiemann (2006a)
warn, is that the spectrum of the operator corresponding to the Dirac observable will in
general differ from the kinematical spectrum, and sometimes drastically so. This means that
the fact that the kinematical spectrum of the inverse scale factor operator is bounded from
above cannot be used to produce reliable statements concerning the quantum fate of the
classically divergent curvature. This would only be possible if the spectrum of the pertinent
physical operator were known. For this, however, the physical Hilbert space would have
to be known. The fact that the inverse scale factor is not a Dirac observable poses a real
problem as it is unclear whether one can legitimately infer from the fact that the spectrum
of the corresponding operator is bounded that the kinematical singularity is resolved. I will

return to this point in Section 8.2.4 when I discuss Brunnemann and Thiemann’s argument.
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What about the dynamical singularity” In order to evaluate the claim made in LQC that
the dynamical singularity is completely eliminated, closer scrutiny must be applied to the
quantum equations encoding the dynamical evolution, the “quantum Einstein equations” as
it were. The role analogous to the Schrodinger equation in ordinary quantum mechanics, to
repeat, is played by the Hamiltonian constraint equation. This equation is interpreted as a
difference equation for the coefficients of the kinematical states in the superposition as which
the physical state is assumed to be. This difference equation effectively offers a recursive
relation for the coefficients. In order for such an equation to qualify as a dynamical equation,
the label of these coefficients must play the role of a temporal parameter with respect to
which the evolution of the system through the consecutive kinematical states occurs. Since
the kinematical states used in LQC are the eigenstates |u) of the triad operator p, which is
simultaneously an eigenstate of the inverse scale factor operator, the dynamical label is p.
However, for the same reasons as above, this label is unphysical as the scale factor is not a
Dirac observable. Hence, we have a dynamical evolution which covers the full range of the

unphysical parameter .

In order to determine whether the singularity in the dynamical evolution with respect
to p evaporates in LQC, a brief reminder how the dynamical singularity came about in the
classical theory is in order. In appendix C, I noted that Laplacean determinism breaks down
at the big bang in the sense that the Friedmann equation (C.5) breaks down at a = 0. That’s
why it turned out to be classically impossible to evolve the universe back to cosmological
times before the big bang. Thus, determinism played a critical role in evaluating whether the
dynamical behaviour of the universe was singular or not. The idea of testing for the remnants
of a dynamical singularity in the context of the proposed models of LQC thus focuses on
whether, given a post-big-bang “initial state” of the universe, the difference equation (7.14)

permits the deterministic evolution past the kinematical state |u = 0) to earlier times.

Specifying an initial state to be fed into a differential equation only requires the spec-
ification of the physical system whose dynamical evolution is governed by the differential
equation at one particular instant in time. This information suffices to determine the state
of the system at all other times for which the system enjoys a deterministic evolution. For a
difference equation, such as (7.14), obviously, specifying the state of the universe at only one
“instant” in the unphysical time parameter does not suffice to even get started: at least two
of the coefficients must be known in order to calculate the coefficients for the other u’s via
(7.14). The eigenvalues V,, of the volume operators are given real numbers, but the action
of Chnatter O |y will depend on what kind of matter is supplied. For present purposes, it
must only be assumed that |u) are also eigenstates of anatter. If ématter is self-adjoint, then

its eigenvalues will be real numbers as well.

138



Without loss of generality, let us position the two fixed coefficients ¢ corresponding to
the two “initial” “states” in the epoch a “long” “time” “before the big bang” and evolve the
universe in the “forward” direction to “later” “times” closer and closer to the big bang. Let
me briefly recall the reasons for the various quotation marks in the previous sentence: the
“initial” “states” are of course by no means “initial,” there are infinitely many more both
“before” and “after,” nor are they physical states, but only kinematical ones; furthermore,
“long” is only long in terms of Planck units as the asymptotic region starts at |u| > 10
Planck times; also, the “time” parameter does not correspond to a physical notion of time,
nor is there a physically justified direction of time in the world to the other side of the big
bang. The last point was discussed above when I insisted that the model might just as
well represent the birth of a twin universe rather than a contracting and then re-expanding
universe. But I will drop the distracting quotation marks for the remainder of the section and
only point out the time-reversal invariance of equation (7.14) before the argument proceeds.

Thus, we start evolving the universe at ;1 = —N+/3 for any large N € RT. We need to fix
the two coefficients (¢, —N+v/3) and 1(¢, (—N +1)4/3) in order to recursively determine the
coefficients ¥(¢, (—N +n)v/3) via (7.14) for all natural numbers n > 1 (and really ¥n € Z).
In general, no difficulties will be encountered in this procedure because the discrete iterative
steps one takes in evolving the universe in this manner generically step over the potential
singularity at g = 0. Figure 12 schematically shows how this iterative determination of the
coefficients ¥ (¢, i) works, and how two legs to stand on (marked by a bar) are required to
calculate the next step to be taken (marked by a cross). The gap between adjacent steps is
v/3 in fundamental units. It is clear, however, that the two coefficients which were given to us
do not suffice to determine the full evolution across all values of ;1 € R. Equivalently, the two
coefficients are insufficient to fully specify the physical states |¥) € H®, they only determine
a discrete subset of Lebesgue-measure zero. For the full specification, an entire half-open
interval y € [—NV/3, (=N +2)Vv/3] of coefficients (¢, ;1) must be fixed beforehand, i.e. we
must know the state of the kinematical universe over the period of 2v/3 Planck times in
order to be in the position to fully determine its evolution for all times.

When we run the recursive relation (7.14) for all values of p in this half-open interval,
we realize that for one choice, and for one choice only, we will encounter the presumed
singularity at g = 0 “head-on.” If and only if /V is a natural number, the evolution will step
into the sink of the p = 0 singularity in the sense that there will be a ¥(¢, (=N + n)v/3)
such that the combination of V,,’s vanishes. In general, this combination of volume operator

eigenvalues is
Vvt — Vonin-1)v3
for the coefficient (¢, (—N +n)v/3) to be determined in the (n — 1)-th step of the iteration.
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Figure 12: Recursive determination of the coefficients ¥ (¢, p).

This combination is zero just in case N = n, i.e. ifft N € N, since V,, = V_,. When this
happens, the corresponding coefficient just drops out of equation (7.14), which in this case
just becomes an additional constraint on (¢, —v/3) and (¢, —2v/3):

33 ~
\/6_% matter(_\/g) — 2V_3\/§/4 + 2V_5\/§/4] w(qb’ _\/g)

+ (V—7\/§/4 - V—g\/§/4) ¢(¢> _2\/3) = 0. (8-2)

The attentive reader may argue that while the Hamiltonian constraint equation for pu =
(=N +n —1)v/3 (or, equivalently, the (n — 1)-th step in the iteration) may fail to determine
the coefficient 1/(¢, 0) in the same manner as it did for all other coefficients, the Hamiltonian
constraint equation for y = (=N 4n)v/3 = 0 (or, equivalently, the n-th step of the iteration)
will do so. The difference is illustrated in Figure 13: while up to this point, I have only
described how states have been determined, as in (a), by two earlier states, the constraint
equation may also be used to specify the “sandwich state” at equal distances from two input
states, an earlier and a later one, as shown in (b). Let me call the technique used in (a)

tripod technique and the one in (b) the sandwich technique.
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Figure 13: Two different ways of determining a third state from two given states.

The Hamiltonian constraint equation for = (=N +n)v/3 = 0 reads

333 ~
(‘/5\/3/4 - ‘/ES\/§/4> ¢(¢7 \/§> + % matter(o) ¢<¢7 0)

+ (Viavas = Visya) (6, —V3) = 0. (8.3)

Unless (?*matter(()) vanishes as well, it seems as if one might have an equation which determines
¥ (¢,0), using the sandwich technique if the tripod technique fails. Alas, this is not the case:
an argument by Bojowald (2002b, Sec. 4.2) claims that generically for quantum matter,
we have ématter(()) = 0, implying, of course, the impossibility in LQC of determining the
kinematical state of the universe at the big bang. This argument is either sound and we
have @natter(()) = 0 (call this situation I) or it is not and ématter(O) # 0 (situation IT),% in
both cases the state 1(¢, 0) cannot be determined, neither by the tripod nor by the sandwich
technique, for the following reason.

If Bojowald’s argument is sound, then (8.3) will determine the heretofore undetermined
coefficient ¢(¢,v/3) by the tripod technique with no entry from the second “foot” and the
deterministic evolution can continue through the big bang. In this case, all coefficients
(¢, p) will be determined by the half-open interval of initial conditions except the singularity
(¢, 0), which decouples. In this situation, we have an additional constraint (8.2), but also an
additional freedom in choosing the decoupled coefficient (¢, 0). The first restriction makes
the solution space smaller than it would be otherwise, while the latter freedom enlarges it
just as much. So in situation I, the full physical state |¥) is determined by the half-open
interval of initial conditions, except for the kinematical state at the big bang, which can be

chosen arbitrarily.

31 am neglecting here the logical possibility that the argument is not sound, but ématter(o) nevertheless
vanishes. What is really of interest here is whether Cpatter(0) is zero or not.
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If the argument is not sound, however, and it may be the case that amatter(O) # 0, then
(8.3) turns into an equation with two unknowns (¢(¢,0) and ¥(¢,v/3)) and both the tripod
as well as the sandwich technique strand. Thus, equation (8.3) fails to offer a deterministic
evolution beyond the big bang. As 1(¢,0) and (¢, +/3) are both not determined then,
no (¢, nv/3) for n > N can be determined anymore, as one would have to use the tripod
method, without any legs to stand on. To answer the attentive reader from a few paragraphs
ago, the plan to apply the sandwich method for determining (¢, 0) miscarries as there is
no possibility at all to obtain (¢, /3) from the initial data. The evolution thus grinds to
a halt at the singularity, at least for appropriately chosen initial conditions. What could
save the situation II is an additional choice to fix one of the two unknowns v(¢,0) or
¥(4,/3), thus enabling (8.3) to determine the other unknown by the tripod technique if
¥(¢,0) is additionally fixed or by the sandwich method if ¢(¢,/3) is given in addition.
Thus, an additional choice of one coefficient allows the iteration to continue.* Given such an
additional choice, all the coefficients would be determined by the usual half-open interval of
initial conditions, without exception, and the state | = 0) would not decouple from the rest.
Because we have such an additional freedom, the space of solutions would be larger than
originally presumed.® If such an enlargement is not tolerated, or, equivalently, no additional
choice is made, the evolution runs aground at the big bang. In situation II, therefore, the
half-open interval of initial conditions determines the physical state |¥) only up to a discrete

subset of coefficients (¢, n/3) (where N> n > N).

Situation II could be remedied, as mentioned, by adding another initially fixed coefficient.
It would have to be one of the ¥(¢, n\/§) for n > N. But what a weird package of initial
conditions: a set of kinematical states of the universe during a half-open interval of time
long before the big bang plus a single kinematical state much later, either at the big bang
or sometime thereafter. In this odd case, the total set of initial conditions required to
determine the state of the physical system for all times would be topologically unconnected.
The necessity to know the state of a system over some finite amount of time, as opposed to
just one instant in time, may already appear unfamiliar from the usual deterministic laws
of motion, which are typically differential equations. But at least we are still dealing with a
connected set, which in principle corresponds to the situation in a physics laboratory, where
today’s state of a system, albeit over a finite period of time, is measured in order to make
predictions of the system’s state at one point in time tomorrow. Why, however, should it be

necessary to know the system’s state over a finite period of time today, plus its state at one

“In fact, it suffices to fix any one of the ¥)(¢,nv/3) for n > N to render the evolution fully deterministic.
50Of course, there still is the extra constraint (8.2), which diminishes the solution space accordingly. But
this constraint exists quite independently of the other considerations.
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moment in time next week in order to be in the position to predict its state at a particular
time in two weeks’ time? The question is rhetorical, as any attempt to insist on such a
disconnected set of initial data appears grotesquely ad hoc.

Of course, the situation can be repaired by placing the half-open interval such that it
contains the moment of the big bang. Here, the point © = 0 must be contained in the
half-open interval of Lebesgue-measure 2+/3 in natural units. In this case, equation (8.2)
no longer represents an additional constraint diminishing the space of physical states |V),
but a recursive relation helping in determining the coefficients backwards in time. If ¢)(¢, 0)
is given as initial data, then either (¢, —\/§) is also given or it is not, depending on how
exactly the half-open interval of initial data is chosen. If it isn’t, then (¢, v/3) must be given
and 9(¢, —v/3) can be obtained via (8.3), quite independently of whether (ﬁmatter(o) vanishes
or not. In any case, then, ¥ (¢, —\/g) is given or can be obtained. With this information,
(8.2) will be used to calculate ¢)(¢, —2v/3), applying the tripod technique.

Regardless of whether C*matter(o) is zero or not and of how the exact interval of initial data
is chosen, all the coefficients (¢, i) can be determined once the state of the universe at the
big bang is among the initially known kinematical states. Under these circumstances, then,
the dynamical singularity disappears. It does not, however, fully evaporate when (¢, 0) is
not initially fixed.

Despite the appealing consequence that the dynamical singularity is lost once one elects
to include the kinematical state of the universe at the big bang, I maintain that this case
should be excluded from serious considerations. We are essentially interested in finding out
whether in the context of LQC, the dynamical singularity vanishes in the sense that one can
deterministically evolve through the big bang. If it turns out that the only case in which
determinism is fully valid for all values of i1 occurs when the kinematical state of the universe
at what corresponds to the classical singularity is fixed in advance, when, in other words,
the delicate situation is taken care of by hand, then the case for the full dynamical regularity
of the models of LQC is indeed very weak. For the remainder of the section, I shall assume
that the set of initial conditions does not contain the state at p = 0.

Early in this chapter, I have proposed to use the criterion of whether the dynamical
evolution occurs deterministically as the benchmark for whether or not it could be declared
that there is an important sense in which the singularity disappears in the context of LQC. To
be sure, the concept of deterministic evolution is already weakened in any quantum theory,
but the Schrodinger evolution of an initial quantum state can nevertheless be considered
fully deterministic, at least as long as the Hamiltonian is essentially self-adjoint, as defined

in footnote 15.%

SFor a more thorough discussion of the fate of determinism in quantum theories, cf. Earman (2004, Sec. 5)
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Let me analyze to what extent this evolution can be considered regular, now that I have
explicated in detail how models in LQC can be considered as dynamically evolving. To this

end, let me cast the notion of Laplacean determinism in a more precise definition:

Definition 6 (Laplacean determinism). The evolution of a physical system is (Laplace-)
deterministic iff the state of the system at a time t together with the laws of nature that

govern its dynamical evolution fix the state of the system at all times.

Obviously, I assume the unproblematic existence of an external (physical) time in which
the evolution of the physical system at stake occurs. To repeat, this is not the case for
classical GTR, nor for LQG, nor for LQC. Definition 6, therefore, would really have to be
appropriated for the generally covariant case in order to yield fully adequate categories for
the situation that we are interested in. Let us, for the argument’s sake, join most proponents
of LQC in admitting the scale factor u as a surrogate time as explicated above. In this case,
Definition 6 is sufficient to frame the ensuing discussion.

Another deficiency of Definition 6, however, is immediately obvious. As explicated above
at some length, the dynamical equation of interest is a difference rather than a differential
equation. Offering the state of the system at only one point in time, therefore, will not
suffice to get the evolution going. Not only must a half-open interval of initial data be
specified, but the dynamical mechanism seems to be rather different: instead of seeking
differentiable functions solving differential equations, one must drudge through uncountably
many recursive relations for infinitely many iterations in order to evolve the system. It seems
warranted, therefore, to denote the latter type of evolution by evolution* in order to draw the
distinction notationally. Let us customize the definition of determinism for present purposes

as follows:

Definition 7 (Laplacean determinism for systems governed by difference equa-
tions). The evolution* of a physical system is (Laplace-) deterministic iff the states of a
system over a finite period of time together with the difference equation(s) that govern(s) its

dynamical evolution® fix the state of the system at all times.

Assuming, as [ have, that initial conditions do not already specify the state of the universe
at the big bang, determinism thus defined is violated in LQC for both situations (I) and (II).
In situation (I), with amatter<0) = 0, the coefficient 1)(¢,0) decouples from the rest and
cannot be determined by the Hamiltonian constraint equation (7.14). In situation (II), with
(f*matter(o) % (0 and not allowing the set of initial conditions to consist of several disjoint
pieces, not only does (7.14) not determine the coefficient 1)(¢,0), but leaves undetermined
any (o, n\/§) for n > N with N € N. Clearly, therefore, the unphysical evolution* typically

and Earman (2006b).
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present in LQC does not obey Laplacean determinism as introduced in Definition 7. It
becomes also clear that what is responsible for the breakdown of determinism is still what
corresponds to the classical singularity. In conclusion, the initial singularity of the classical

theory has not completely been washed out by the quantum theory.

Having said that, however, the situation is not quite as bleak as this melancholy con-
clusion might suggest. Despite the failure of strict determinism, there is a weakened form
of determinism which is realized in LQC. An appealing aspect of this weakening is that it
is mathematically well-defined, and not just an ad hoc concept introduced to satisfy the

philosophers’ fancy.

Definition 8 (Quasi-determinism (for systems governed by difference equations)).
The evolution* of a physical system is quasi-deterministic iff the states of a system over a
finite interval of time together with the difference equation(s) that govern(s) its dynamical
evolution® fix the state of the system at almost all times, i.e. they fix the state for all points

in time except for a subset of points in time of Lebesque-measure zero.

Since the states undetermined by the initial data combined with the Hamiltonian con-
straint equation (7.14) are either just those of one moment in time (y = 0)—as in situation
(I)—or of a discrete subset of the real number (1 = nv/3,¥n > N)—as in situation (II)—,
the undetermined states form a subset of all kinematical states through which the system
evolves* with Lebesgue-measure zero. Thus, the dynamical evolution* of the universe as

understood in LQC proceeds quasi-deterministically, even through the big bang.
Together with the above mentioned fact that the quantum states around the big bang

have no semi-classical analogues and that it may thus be impossible to introduce a notion
of physical time in the very early universe, the failure of strict determinism at the big bang
may be taken as an indication that it was wrong-headed all along to insist on the pervasive
rhetoric of evolution and determinism. In order to be able to meaningfully talk about how
the universe looked like before the big bang, it seems, a globally applicable physical time
would have to be introduced. 1 have observed with some satisfaction that proponents of
LQC have considerably toned down their rhetoric of dynamical evolution over the last few
months. At the Seventh International Conference on the History of General Relativity which
took place on La Tenerife from 9-15 March 2005, Abhay Ashtekar has informed me that he
and his collaborators have independently come to the conclusion that thinking about LQC
in terms of dynamical systems evolving deterministically is problematic and that they are
planning to drop, or at least significantly attenuate this language. In December 2005, Martin
Bojowald has published a review on LQC including a brief section on determinism (Bojowald

2005, Sec. 7.3), which draws on exchanges we have had.
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Of course, all these difficulties ultimately stem from the fact that we are dealing here
with a generally covariant theory which does not admit an external time against which a
dynamical evolution can be determined. Time, just like space, was part of the physical

system which LQG originally set out to quantize!

8.2 THE INFIDELS: RECENT CRITIQUES OF LOOP QUANTUM
COSMOLOGY

In this section, I investigate and discuss the most important objections which have been put
forth against LQC. There are four, and they are ordered according to what I take to be their
graveness, from mild to devastating. Some of them, discussed in Subsections 8.2.1-8.2.3,
make a particular choice of matter and thus of ématter and then derive some problematic
features. Others, such as Brunnemann and Thiemann, question the very ambition of LQC

to represent the cosmological sector of LQG.

8.2.1 Noui, Perez, and Vandersloot: separable but small physical Hilbert space

Noui, Perez, and Vandersloot (2005) follow, like LQC, the recipe of imposing symmetry
reduction in order to successfully construct the physical Hilbert space of the theory. As
a classical vantage point, they use the self-dual Plebanski action rather than the standard

" The Plebanski action is a low-energy effective action for classi-

Einstein-Hilbert action.
cal general relativity. The advantage of this approach is a simple Hamiltonian constraint
function, whose quantum operator turns out to be self-adjoint—unlike the typical Hamil-
tonian constraint operators encountered in LQC. It is the self-adjointness of the Hamilto-
nian constraint operator which allows the application of a technique called refined algebraic
quantization (Ashtekar et al. 1995) using “group averaging methods” in order to solve the
quantum constraint equations and thus to find the physical Hilbert space. Noui, Perez,
and Vandersloot show how this approach can be brought to bear fruit in the context of
homogeneous and isotropic cosmological models based on canonical quantum gravity. Their
approach, however, also comes at a price: it is only well-defined in the Riemannian sector of

the theory, but not in the physically relevant Lorentzian sector.®

"For how the different actions for GTR in (3 + 1) dimensions relate to one another and the constraints
look like in each case, see Peldan (1994).

8By Lorentzian quantum gravity, one usually denotes a quantum theory of gravity whose partition function
is given by an expression of the type [ e*Sl9++] where S[g,,] is the Einstein-Hilbert (or the Plebanski) action
for a Lorentzian metric g,,,. A theory with the same partition function is called Riemannian quantum gravity
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The model Noui, Perez, and Vandersloot (2005) present shares the kinematical Hilbert
space with LQC as described above, but takes a different route in the construction of a
Hamiltonian constraint operator. This operator, to repeat, is self-adjoint in their approach
but not in standard LQC.? This enables them to adopt the inner product of the kinematical
Hilbert space and project it unto the physical Hilbert space. The states in physical Hilbert
space are now those states which satisfy the quantum Hamiltonian constraint equation, i.e.
those states which are annihilated by the Hamiltonian operator. Noui and collaborators
find that in the case of a non-vanishing cosmological constant, the physical Hilbert space is
reduced to one dimension. Physical states, as a result of the requirement that they must

satisfy the Hamiltonian constraint equation, are exactly those states with a vanishing norm.

Noui, Perez, and Vandersloot (2005) claim that their main results transcribe into the
Lorentzian sector of the theory and should therefore be taken seriously. Because of the
symmetry relations of isotropy and homogeneity imposed, the relationship between the Rie-
mannian and the Lorentzian sector of the theory become tractable. They then explicate
how their approach and standard LQC share the same semi-classical limits. All this is quite
unproblematic. But it does not suffice to make their point, as the regime at interest here
is the irreducibly quantum regime around the big bang, where the differences between the
self-adjoint Hamiltonian operator constructed from the self-dual Plebanski action and the
non-self-adjoint Hamiltonian operator constructed from the Einstein-Hilbert action, both ap-
propriately restricted to isotropic and homogeneous spacetimes, show up most prominently.
This does not come as a surprise, given that the Plebanski action most closely mimics the
Einstein-Hilbert action in the low energy limit of an effective field theory of gravity. In
this sense, the Plebanski action does not seem adequate for investigations into the quantum
regime governing the very early universe. Thus, I urge that the critique against LQC voiced
by Noui, Perez, and Vandersloot (2005) must be received with this important limitation in

mind.

in case g, is a Riemannian metric with signature (++ ++). Riemannian quantum gravity is easily confused
with another term often found in the pertinent literature, Fuclidean quantum gravity. The latter name
refers to quantum theories of gravity which also use the Einstein-Hilbert (or Plebanski) action S[g,.] for a
Riemannian metric, but have a different partition function, given by [ e Slow],

9However, self-adjoint Hamiltonian operators have been proposed in the context of standard LQC, e.g. by
Bojowald et al. (2004b). While it is possible to define a group averaging procedure even for non-self-adjoint
Hamiltonian operators, this may be unattractive from the numerical point of view as non-real eigenvalues
may lead to numerical instabilities (ibid.).
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8.2.2 Cartin and Khanna: Bianchi I model

A similar study by Cartin and Khanna (2005) investigates whether LQC produces reasonable
results for “late times” in the Bianchi I model, a simple anisotropic cosmological model.
They argue that at a safe distance from the classical singularity, i.e. for “late times” in the
proposed sense of evolution, the models of LQC must satisfy certain restrictions in order to
exhibit the expected classical behaviour in this regime and they show that this is not the
case for the Bianchi I case. Cartin and Khanna conclude from this that either the method
of quantization used in LQC does not yield useful results or else the conditions imposed
in order to obtain the correct classical behaviour were overly restrictive. However, it could
also be the case that the homogeneous and spatially flat Bianchi I model fails to represent
the adequate model for early anisotropic perturbations of an increasingly isotropic universe.
The second and third leg of this trilemma do not threaten the enterprise of LQC. It is an
open question, therefore, whether Cartin and Khanna’s study poses a damaging challenge
to LQC, and if so to what extent.

8.2.3 Green and Unruh: closed model

The presentation and discussion of LQC in Section 7.3 focused on quantum models of the
flat FLRW-model with k = 0 and largely ignored the closed model with & = 1.1 Green and
Unruh (2004) fill the gap by offering an analysis of the closed model, focusing on the case of
a universe which is empty except for a massless scalar field. They find two difficulties with
the description of the closed model as given by LQC.

First, for the closed model in particular, it turns out that the scale factor cannot serve
as an adequate cosmological time parameter. Motivated by the classical analogy, advocates
of LQC have taken the scale factor as a surrogate cosmological time, as there was no longer
an explicit time dependence in the dynamical Hamiltonian constraint equation. Their idea
was to then study the dynamical evolution of the remaining degrees of freedom with respect
to this one. An immediate difficulty arises when one attempts to adopt this approach for
recollapsing closed models: the scale factor will assume the same numerical value twice
in the course of the history of the universe, whereas one would want to assign a different
time to both instances of the same scale factor. Generally, the same volume of the universe
would correspond to different times in its evolution. Thus, for recollapsing models, a bijective

mapping between scales of the universe and cosmological times in its evolution is not possible.

10T repeat from footnote 17, the derivation as given in Section 7.3 does not cover the FLRW-models with
negative curvature k = —1.
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An advocate of LQC could, of course, rejoin to this objection that a bijective mapping
will only be required for either the expansive or the collapsing epoch, but not for both.
Whichever epoch will not be covered by the bijective mapping, can be described by a kind of
“mirroring”: the covered epoch is just duplicated and both phases are then joined such as to
complete the closed model. At the heart of the construction, of course, lies the assumption
that both epochs are perfectly symmetric insofar as one is just the time-reversal of the other,
including all physical processes within it. However, the fact that all physical processes will
be time-reversed by the mirroring implies that physical time too will be time-reversed! This
result stands independently of how a physical time might be defined, just as long as one
accepts that the construction of a physical time can solely rely on some physical processes
within the universe, adequately chosen for the purposes of introducing a physical time with
a consistent direction. But it is exactly that a globally consistent direction can no longer be
assigned for the entire closed model consisting of an expansive as well as a recollapsing epoch
as the temporal direction will be opposite in both epochs to be conjoined. A way out of the
quandary can only be found at the price of admitting that the construction of a physical time
must proceed differently in both epochs in order to achieve a globally consistent direction of
time. This move, I believe, belies the principles of a scientific endeavour which forgoes the

services of ad-hoc reasoning.

However, the defender of LQC may retort by biting the bullet and admitting that if the
“mirroring” technique is used to construct a closed quantum FLRW model, physical time and
all physical processes will indeed be time-reversed in this approach. This may not be overly
disquieting as LQC present a rather simple, reduced theory which cannot accommodate
complex physical processes anyway, and which, in fact, was not built to accommodate them.
So this may just be taken as an indication of the limits of LQC to offer a fundamental theory,

rather than as a proof of its failure to capture important aspects of a quantum cosmological
model based on GTR.

The second difficulty identified by Green and Unruh (2004) concerns the fact that a closed
universe reaches a maximum size. Thus, any model capturing a closed universe, regardless of
whether it is classical or quantum, should not permit sizes larger than this maximum. In the
case of a quantum model, this means that whichever operators of the quantum theory contain
the scale information must be bounded from above. For the models of LQC, more precisely,
the scale or fundamental triad operator (7.9) must have in its spectrum an eigenvalue pmax
such that all p > pmax vanish, or at least quickly converge to zero. If this is the case, then
the expectation value of the scale operator will not exceed this maximum value. The second
difficulty is just that: this convergence does not take place; quite the contrary, Green and

Unruh have discovered some wildly diverging behaviour for large scales.
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Essentially, Green and Unruh (2004) study the dependence of the state coefficients
(¢, 1) of equation (7.13) on the scale u. Instead of a rapidly decaying behaviour for
i > pmax, they find that the ¥(¢, u) grow exponentially, or show otherwise divergent be-
haviour for large i for a wide variety of secondary parameters. They also explore different
ansatze to quantize the closed model in the context of loop quantum gravity but conclude
that at least the obvious ones fail. In sum, they argue, the closed model of classical cosmology
cannot be accounted for in the framework of LQG.

Is this a problem? Green and Unruh (2004) insist that it is. They argue that although it
is perfectly acceptable for cosmologists, including those working in LQC, to focus on the flat
case as extant observations suggest that our Universe is very nearly flat, cosmology must be
able to understand the flat model as a limiting case of the closed model. Such understanding,

)

they continue, is necessary to adequately address the so-called “flatness problem,” according
to which the fact that our Universe’s density is very close to the critical value, i.e. the value
) = 1 which amounts to an expansion rate that asymptotically tends to zero, must be
explained by an acceptable cosmological theory.

The request for an explanation of the fact that our Universe is very nearly flat, however,
does not deliver a fatal blow to any theory incapable of fulfilling this demand. The flatness
problem is essentially a cosmological fine-tuning problem. Whether or not the flatness prob-
lem really requires, and affords, a scientific explanation, is an open question. If it does, there
are two possibilities: either physicists manage to find a mechanism which forces the Universe
to be nearly flat, or else one can attempt to acquit the explanatory debt by reference to a
systematic observation selection bias, such as an anthropic principle. In the first instance,
inflation can be constructed such as to be capable to sufficiently flatten any non-flat region
present before the inflationary period (Guth 1981). However, since LQC also seems to be im-
plying an inflationary phase, it can account for the observed flatness just as well as any other
inflationary cosmology, and demanding that LQC must be capable of adequately describing
the closed model in order to solve the flatness problem is unwarranted.

If these or similar explanations invoking some sort of physical mechanism eliminating
non-flatness are seen as deficient, accepting the explanatory debt seems to force a retreat
to invoking some kind of observation selection effects.!! One such systematic bias, usually
referred to in the literature as the weak anthropic principle, states that the observed values
of the physical parameters of cosmological models cannot assume arbitrary values but are
restricted by the requirements that there exist regions in the universe where carbon-based life

can evolve and that the universe is sufficiently old for it to have already done so. In other

HFor a systematic account of observation selection effects, see Bostrom (2002); see Bostrom (2003) for a
recent summary.
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words, the weak anthropic principle demands that our observations are restricted by the
necessary conditions for our existence.'? Such a weak form of anthropic reasoning, however,
while surely true, does not seem to do a lot of explanatory work.'® Requesting a scientific
explanation of the observation that our Universe is almost flat seems to ask for more than
being reminded of the fact that otherwise we would not be here to observe anything. The
anthropic principle can of course be strengthened by insisting that our observations are not
merely restricted by the necessary conditions for our existence, but that these conditions,
furthermore, are necessary or at least highly probable themselves. While such a strong form
of anthropic principle would certainly enjoy more explanatory potency, it seems scientifically
untenable unless it is amended by a satisfactory explanation as to why these conditions
should necessarily, or at least likely, obtain.

An explanation of this type would of course be susceptible to all criticisms against strong
forms of anthropic reasoning, including the recent ones by Smolin (2006). In this article,
Smolin offers a tentative explanation of why these life-enabling conditions are very likely
to prevail. His account involves what he dubs “cosmological natural selection.” Cosmolog-
ical natural selection is based on three premises, in close analogy to evolutionary biology,
which, according to Smolin, is the only science which has successfully managed to explain
the emergence and stability of complexity by offering a simple mechanism. These three as-
sumptions are: (i) there exists a physical process which produces a multiverse with a long
chain of descendants, (ii) for the space P of N dimensionless parameters p;, withi =1,..., N,
of the standard models of particle physics and cosmology, there exists a “fitness function”
F(p;) on P which encodes the average number of descendants of a universe with parameters
pi, and (iii) the parameters p; for each universe differ from those of its immediate ancestor
universe, on average by a random change sufficiently small as not to significantly change
F(p;). If the multiverse, i.e. the population of universes, is sufficiently large, and is tested
on sufficiently many random runs, then the population of universes will be peaked around
local maxima of F'(p;) after sufficiently many generations. These assumptions directly imply
that if the parameters p; are shifted around in P, i.e. changed in their values, then F(p;)
will be systematically decreased. Unlike other accounts of anthropic reasoning, cosmological
natural selection offers predictions, which are in principle testable. Moreover, like inflation,
it provides a mechanism which ascertains that our Universe exhibits the values of physical
parameters that it does.

So either one can find such a mechanism, or else we must appease our explanatory desire

12T have borrowed this definition from Smeenk (2003, Sec. 5.5).

13Bostrom has argued, and I tend to agree, that not anthropic principles per se are problematic, but that
whether or not they can play an explanatory role depends on the specific context to which they are applied.
According to Bostrom, even the weak anthropic principle thus affords an explanatory value in some contexts.
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by inviting anthropic reasoning. Depending on what one’s take on anthropic reasoning is—
and there seem to be significant differences, to say the least—, we have thereby gained a
satisfactory explanation of the flatness of the Universe or we must content ourselves with

acknowledging that we have reached the explanatory limits of scientific enquiry.

Let us return to Green and Unruh’s claim that solving the flatness problem requires an
understanding of how the flat model is a limiting case of the closed model, and that therefore
the ability to adequately accommodate the closed model is for any cosmological theory a
necessary precondition for solving the flatness problem. The last three paragraphs indicate,
in my opinion, that first, it is not entirely clear to what extent the request for an explanation
of flatness may be granted at all, and second, even in case it is, it seems as if the inflationary
phase discovered by Bojowald (2002a) when the matter Hamiltonian émmer of LQC contains
a massless scalar field can go at least some length toward producing the inflation required for
accounting for the flatness (Bojowald and Vandersloot 2003). In sum, then, although I do not
dispute Greens and Unruh’s result that LQC cannot adequately accommodate closed FLRW
models, I doubt that this failure presents an insurmountable and principled difficulty for it.
It may well be the case that the flatness problem does not admit of a scientific explanation
at all, or it may be that LQC yields an inflationary mechanism capable of accounting for the

flatness without recourse to the closed model as a limiting case of the flat one.

Finally, there is perhaps a sense in which it should not come as a surprise that LQC is
unable to properly handle closed FLRW models: after all, a closed model needs matter or
energy to generate a sufficiently strong gravitational pull to recollapse. But LQC is based on
LQG, which is a quantization of the vacuum sector of the phase space of Hamiltonian GTR
and as such, does not admit matter in the universe. This suggests that introducing matter
in LQC may be more subtle than just plugging a few matter fields into Chnatter- Obviously,
this is a delicate point for which nobody has a good answer for the time being. But it is
also a potentially disastrous point for LQC as one may react by exclaiming “so much the
worse for LQC.” Matter, including all its garden varieties as well as all versions of dark
and mysterious matter forms, is of paramount importance in cosmology in general and for
closed FLRW models in particular. Without the confidence that the coupling of matter to
gravity is correctly understood, it remains optimistic at best and naive at worst to believe
that the symmetry-reduced models of LQC adequately describe the cosmological sector of
the physical Hilbert space of the correct quantum theory of gravity. What LQC can teach

us about quantum cosmology, therefore, may be very limited indeed.
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8.2.4 Brunnemann and Thiemann: cosmology or not?

The advocate of LQC may still recover from these objections, but the points raised in Brun-
nemann and Thiemann (2006a) pose a more serious threat. Also, the first three objections
discussed cast doubt of the entire project of LQC, or of some particular aspects or mod-
els, but not specifically on its claim that the kinematical and the dynamical singularities
disappear. Thus, they only indirectly cast doubt on the claimed resolution of the initial sin-
gularity. The article by Brunnemann and Thiemann, however, does both. Their paper builds
on the important result obtained in Brunnemann and Thiemann (2006b) according to which
the argument in LQC leading to the boundedness of the spectrum of the inverse scale factor
operator does not translate into the full theory. More precisely, Brunnemann and Thiemann
ask whether it is indeed the case in the full theory that at the classical singularity, i.e. for
the kinematical quantum state corresponding to a universe of zero volume, the inverse of the
triad operator has a finite eigenvalue which would correspond to finite curvature. It turns
out that quite generically for a state of zero volume, the inverse scale factor is unbounded
from above in the full theory. According to Brunnemann and Thiemann, inhomogeneous
quantum excitations are responsible for the unboundedness of the inverse triad operator.
These inhomogeneous excitations are of course admissible in the full theory, but they are

precluded from making an appearance in the symmetry-reduced, strictly homogeneous LQC.

It is ironic, however, that it is the inhomogeneities which now endanger the extermination
at least of the kinematic singularity of the classical models of cosmology when the presence
of this singularity was first believed to be the artificial result of the only approximately
valid symmetry of homogeneity, as was discussed at the outset of Chapter 6. As cited on
page 103, Einstein initially believed that the occurrence of the big-bang singularity was an
artefact of the unrealistic assumption of a perfectly homogeneous and isotropic universe and
would vanish once small perturbations of these perfect symmetries were allowed to enter. Of
course, the singularity theorems of Penrose, Hawking, and Geroch conclusively deposed this
intuition. The calculation of Brunnemann and Thiemann (2006b) now suggests an intuition
diametrically opposed to the one Einstein expressed: the inhomogeneities are not the remedy
against, but the source of the singular behaviour, at least as far as the kinematical singularity

is concerned.

As Brunnemann and Thiemann (2006a) continue, however, the unboundedness of the
inverse triad operator should not be preemptively taken to imply that cosmological models
based on the full theory of LQG suffer from a kinematical singularity. The main reason for
this implication to fail is that although an operator may well be unbounded in general, it

may become bounded when the Hilbert space is restricted to a particular subspace. This
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means that the boundedness of the inverse triad operator is not necessary for the elimination
of the kinematical singularity. Brunnemann and Thiemann argue that the restriction to the
appropriately chosen cosmological sector of the full theory does indeed lead to the bound-
edness of the inverse triad operator at the big bang. They define the cosmological sector
of the kinematical Hilbert space as the sector which describes a homogeneous and isotropic
universe at large scales, thus admitting for small inhomogeneous and anisotropic perturba-
tions. The idea then is to let the volume of the universe go to zero and check whether the
expectation value of the inverse scale factor operator grows beyond all bounds. Brunnemann
and Thiemann propose to regard the sector of the kinematical Hilbert space with those co-
herent states peaked at homogeneous and isotropic symmetries. If this proposal is accepted,
then inhomogeneous and anisotropic excitations of the largely homogeneous and isotropic

1. For such a coherent state

coherent states are still admissible, but confined to remain smal
of zero volume corresponding to the universe at the big bang, Brunnemann and Thiemann
claim to have established that the expectation value of the inverse triad operator with re-
spect to this state is bound from above. This calculation, unlike both the standard approach
taken in LQC as well as the unboundedness of the inverse triad operator in the kinematical
Hilbert space of the full theory, they claim, suggests that the kinematical singularity at the

big bang is indeed avoided in cosmological models based on full LQG.

While this is promising, Brunnemann and Thiemann warn that it does not imply that
the kinematical singularity vanishes. In this sense, the boundedness of the expectation value
of the inverse triad operator with respect to a largely homogeneous and isotropic coherent
state at the big bang is also not a sufficient condition for the elimination of the kinematical
singularity. The reason for this is that the inverse scale factor—or the scale factor, for
that matter—is not a gauge-invariant quantity and consequently not a Dirac observable. It
is merely an operator defined on the kinematical Hilbert space which is used as a kind of
auxiliary magnitude in LQC to construct a cosmological model. In order to make meaningful
physical predictions, Brunnemann and Thiemann argue, one would need the full physical
Hilbert space H* of LQC and operators densely defined on this Hilbert space.

Also as far as the dynamical singularity avoidance is concerned, Brunnemann and Thie-
mann (2006a) continue, the issue is far from resolved. They argue that although it may be
the case either that kinematical states dynamically decouple and that additional constraints
thus arise or that a violation of Laplacean determinism occurs or both, as outlined in Section
8.1, the absence of both of these effect are neither sufficient nor necessary for the avoidance

of dynamical singularities. It is not necessary, they claim, because even in the presence

4 The particular set of coherent states at use here has been constructed by Thiemann (2001a), Thiemann
and Winkler (2001a,b), and by Sahlmann et al. (2001).
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of both effects, the physical Hilbert space may be sufficiently large as to accommodate all
semi-classical cosmological models needed to emulate the classically relevant ones at large
scales. It is also not sufficient because even in the absence of both effects, it might turn
out that many of the dynamical states are not normalizable or have zero norm and thus not
eligible as members of the physical Hilbert space. If many of the candidate states have to be
excluded for these reasons, the physical Hilbert space may no longer be sufficiently large as
to accommodate the important semi-classical sector describing cosmologically relevant mod-
els. Thus, Brunnemann and Thiemann conclude, for determining the avoidance of both the
kinematical as well as the dynamical singularity, the issue must be cast in terms of physical

states and physical observables.

While I accept the argument establishing the insufficiency, I wish to take issue with the
one claiming non-necessity. Brunnemann and Thiemann argue that although there might
be indeterministic behaviour of the quantum Friedmann equation as described in Section
8.1, the dynamical singularity might vanish as long as the physical Hilbert space contains a
semi-classical cosmological sector. 1t appears as if they take the containment of such sector in
H® as a sufficient condition for the resolution of the dynamical singularity, for otherwise the
argument would not be valid. This interpretation is supported by a quote from much later
into the article: “[...] the [dynamical] singularity is avoided if and only if there are sufficiently
many semiclassical [physical states composed of spin network states that describe a sign flip
with respect to the expectation value of the triad orientation sign operator|.” (p. 1421) The
particular states are required, according to Brunnemann and Thiemann, in order to correctly
describe quantum geometries including a pre-big-bang regime. I am willing to grant that it
may be a necessary condition, but because I insist that as long as only quasi-determinism,
but not determinism, is satisfied at the “big bang,” there survives a residue of the dynamical
singularity even if such a sector is present. The obedience to full determinism is also a
necessary condition for the complete quantum evaporation of dynamical singularities. So we

have (at least) two necessary conditions, none of which is individually sufficient.

According to Brunnemann and Thiemann (2006a, Sec. 5), the proper resolution of the
issue would involve the construction of Dirac observables from partial observables which
“evolve” with respect to another partial observable, a “clock” variable such as the scale
factor, following the scheme proposed by Dittrich (2004). Once the physical states and
some Dirac observables have been found, a semi-classical sector would have to be identified
which correctly approximates the classically relevant cosmological models, and a physical
Hamiltonian would have to be constructed in order to determine physical evolution, as
opposed to the evolution with respect to a non-gauge invariant quantity. This will permit

the resolution of the issue whether the dynamical singularity disappears: if the physical
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Hamiltonian is essentially self-adjoint, it will deliver a regular physical evolution. Once
all this is in place, one can take an operator defined on the physical Hilbert space and
representing a physical observable which corresponds to a classically singular quantity such
as curvature, density etc. Then, calculate the expectation value of this operator with respect
to semi-classical states peaked around what corresponds to classically singular initial data
and conclude that the kinematical singularity is avoided just in case this expectation value
is finite. While Brunnemann and Thiemann admit that this programme is highly ambitious,
they insist that it offers the only path to the full resolution of whether Einstein’s nemesis is

finally vanquished in the quantum theory.

This completes the part of my dissertation on the loop quantum avoidance of the initial
singularity. So does the singularity vanish? The short answer is, particularly in the light of
the discussion of Brunnemann and Thiemann (2006a), we do not know yet. There are many
things that can be said about the evaporation of singularities, and I have tried to say a few
in the preceding three chapters. But let me say one more thing: even if it will turn out that
the singularities of the classical theory are not all avoided in the quantum theory, this by no
means implies the failure of the quantum theory. In the classical theory, we have learnt that
singularities only become really problematic when they havoc global hyperbolicity. Penrose’s
cosmic censorship hypothesis, if true, protects physically reasonable classical scenarios from
breeding naked singularities, i.e. those singularities which wreck global hyperbolicity. It is
still an open issue, however, whether the hypothesis is, in fact, true. Suppose that the
hypothesis is not true. Does LQG command the resources to prevent the formation of naked
singularities in the deep quantum regime? According to Bojowald,'® the only article which
addresses this question is Goswami, Joshi, and Singh (2006). Goswami and collaborators
investigate the quantum gravitational collapse of a scalar field which classically forms a
naked singularity. They claim that a semi-classical analysis based on LQC shows that just
as a naked singularity tends to form, a very strong outward energy flux will prevent the
formation of such a singularity in LQG. One may wonder, of course, how it can be that LQG,
which was expressly based on globally hyperbolic classical spacetime, may offer a promising
investigation into how spacetimes hosting naked singularities might be modified by quantum
effects. The basic idea of Goswami, Joshi, and Singh (2006) is the following: model the
gravitational collapse by pasting together an interior and an exterior solution. The exterior

region is assumed to be classical, but the interior of a homogeneous scalar field collapse, which

15Personal communication, 9 March 2006.
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is classically described as an FLRW spacetime, can be treated by using techniques from LQC.
In this case, of course, the cosmological time of the FLRW model is reversed from its usual
direction such that we have classically a final singularity. In the classical model, this final
singularity will be naked for particular choices of physical parameters. Similar considerations
as those adduced above concerning the disappearance of singularities in LQC equally apply
here. The situation is insofar different, though, as a particular matter field is assumed.
With this in place, Goswami, Joshi, and Singh (2006) compute, using effective equations,
that strong outward energy fluxes occur “due to supernegative pressures in the late regime”
(p. 4) which prevent the collapse from completing and the singularity from forming. At least
for the case at hand, Goswami and collaborators conclude, loop quantum effects thus uphold
a quantum gravitational cosmic censorship. Some of the details of their argument have been
questioned.'® Be this as it may, the study of the fate of naked singularities is but a nascent
enterprise. It thus remains entirely open whether the formation of naked singularities is

avoided altogether in the picture of quantum spacetime as drawn by LQG.

16Martin Bojowald, personal communication, 9 March 2006.
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